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Nonlinear interation between normal modes dramatially aets energy equipartition, heat on-
dution and other fundamental proesses in extended systems. In their elebrated experiment Fermi,
Pasta and Ulam (FPU, 1955) observed that in simple one-dimensional nonlinear atomi hains the
energy must not always be equally shared among the modes. Reently, it was shown that exat
and stable time-periodi orbits, oined q-breathers (QBs), loalize the mode energy in normal mode
spae in an exponential way, and aount for many aspets of the FPU problem. Here we take the
problem into more physially important ases of two- and three-dimensional aousti latties to nd
existene and prinipally dierent features of QBs. By use of perturbation theory and numerial
alulations we obtain that the loalization and stability of QBs is enhaned with inreasing system
size in higher lattie dimensions opposite to their one-dimensional analogues.
PACS numbers: 63.20.Pw, 63.20.Ry, 05.45.-a
Nonlinearity indued interation between normal
modes of extended systems is ruial for many funda-
mental dynamial and statistial phenomena like ther-
malization, thermal expansion of solids or turbulene in
liquids. It is also important in many artiial systems
where one aims at ontrolling the energy ow among
the normal modes, preventing or eiently hanneling
energy pumping due to resonanes with external per-
turbations et. Among the many aumulated results
in this area a seminal one is due to Fermi, Pasta and
Ulam (FPU) who reported on the absene of thermaliza-
tion of hains of atoms onneted by weakly nonlinear
springs [1℄. They observed that the energy of an ini-
tially exited normal mode with frequeny ωq and wave
number q did not spread over all other normal modes,
staying almost ompletely loked within a few neigh-
bouring modes in the normal mode spae [2, 3℄. Longer
waiting times yielded another puzzle of energy reur-
rene to the originally exited mode. Many eorts to
explain the FPU paradox resulted in an extraordinary
progress in this eld: the observation of solitons [4℄,
size-dependent stohastiity thresholds [5℄, nonlinear res-
onanes [6℄, KAM tori, Arnold diusion, and many other
issues [7, 8, 9, 10, 11℄. The eorts to arry all these
onepts into two-dimensional latties have been also re-
ported [12℄. However, aording to Ford [2℄, despite the
rihness of new topis, the original FPU problem was still
waiting to be understood.
Reently it was shown that the major ingredients of the
FPU problem an be addressed within the promising on-
ept of q-breathers (QBs), whih are exat time-periodi
solutions in the nonlinear FPU hain [13℄. These solu-
tions are exponentially loalized in the q-spae of normal
modes and preserve stability for small enough nonlin-
earity. They ontinue from their trivial ounterparts for
zero nonlinearity at nite energy. In that limit they or-
respond to one mode with the seed wave number q0 being
exited, and all the other modes being at rest. The sta-
bility threshold of QB solutions oinides with the weak
haos threshold in [7℄. Persistene of exat stable QB
modes surrounded by almost quasiperiodi trajetories
explains the origin of FPU reurrenes and the absene
of energy equipartition. The saling of the loalization
exponents with the relevant ontrol parameters relates
to results on higher order nonlinear resonane overlaps
[8℄. But perhaps the most important result was, that it
needs only one ingredient to obtain QBs in FPU hains:
a disrete nonequidistant frequeny spetrum of normal
modes, as indued by a nite system. Thus the door is
opened to apply the onept of QBs to a variety of non-
linear nite systems - truly ommon objets in nature
and appliations. One of suh hallenges is an extension
of the notion of QBs into more physially realisti two-
and three-dimensional FPU-type systems.
In this Letter we report on the existene and remark-
able properties of q-breathers in nite two-and three-
dimensional nonlinear aousti latties. For xed energy,
nonlinearity oeient and seed wave number the QB
loalization length stays nite in the 2d ase and tends
to zero in the 3d ase with inreasing size of the system.
For both 2d and 3d ases the nonlinearity oeient at
the QB stability threshold inreases in the same limit.
This omprises a ruial dierene from the 1d ase [13℄
where QBs deloalize and the nonlinearity threshold of
the instability tends to zero in the limit of large hains.
We onsider quadrati and ubi latties of Nd (d = 2
and 3 respetively) equal masses oupled by nonlinear
springs with the Hamiltonian
H =
1
2
∑
n
(p2
n
+
∑
m∈D(n)
[
1
2
(xm − xn)
2 +
β
4
(xm − xn)
4])
(1)
where xn(t) is the displaement of the n = (n1, . . . , nd)-
2th partile from its original position, pn(t) its momen-
tum, D(n) is the set of its nearest neighbors, and xed
(zero) boundary onditions are taken: xn = 0 if nl = 0
or nl = N + 1 for any of the omponents of n.
A anonial transformation
xn(t) =
(
2
N + 1
)d/2 N∑
q1,...,qd=1
Qq(t)
d∏
i=1
sin
(
piqini
N + 1
)
(2)
takes into the reiproal wave number spae with Nd
normal mode oordinates Qq(t) ≡ Qq1,...,qd(t). The nor-
mal mode spae is spanned by q and represents a d-
dimensional lattie similar to the situation in real spae.
The equations of motion then read
Q¨q +Ω
2
q
Qq = −
16β
(2N + 2)d
∑
p,r,s
Cq,p,r,sQpQrQs . (3)
Here Ω2
q
= 4
d∑
i=1
ω2qi are the squared normal mode fre-
quenies with ωqi = sin (piqi/2(N + 1)). Note, that all
linear modes but the diagonal ones Qq1=...=qd are at least
d-fold degenerate with respet to their frequenies. The
oupling oeients Cq,p,r,s indue a seletive intera-
tion between distant modes in the normal mode spae
similar to the 1d ase.
For small amplitude exitations the nonlinear terms in
the equations of motion an be negleted, and aording
to (3) the q-osillators get deoupled, eah onserving its
harmoni energy Eq =
1
2
(
Q˙2
q
+Ω2
q
Q2
q
)
in time. Espe-
ially, we may onsider the exitation of only one of the
q-osillators, i.e. Eq 6= 0 for q ≡ q0 only. Suh exi-
tations are trivial time-periodi and q-loalized solutions
(QBs) for β = 0.
For the 1d hain, suh periodi orbits an be ontin-
ued into the nonlinear ase at xed total energy [13℄ be-
ause the nonresonane ondition nΩq
0
6= Ωq 6=q
0
(here
n is an integer) holds for any nite size [14℄. This ar-
gument an be used straightforwardly for d = 2, 3 and
large seed wave numbers q on the main diagonal suh
that 2Ωq > 4. For all other seed wave numbers on the
main diagonal we heked that the nonresonane ondi-
tion holds as well. For seed wave numbers o the main
diagonal the above mentioned d-fold degeneraies ould
be lifted by onsidering anisotropi latties. In fat these
degeneraies are lifted by the nonintegrability of the non-
linear lattie (3), and a disrete set of periodi orbits will
remain. QBs are suessfully observed in numerial ex-
periments in the presene of the degeneray and we did
not nd substantial diulties in omputing them.
In the following we ompute QBs as well as their Flo-
quet spetrum numerially using the same algorithms as
for the 1d atomi hain [13℄, and ompare the results
with analytial preditions, derived by means of asymp-
toti expansions.
FIG. 1: A QB for d = 2 with q
0
= (3, 3) for β = 0.5, Etot =
1.5, frequeny Ωˆ ≈ 0.403, N = 32.
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FIG. 2: The normal mode energies along (a) the diagonal
q(n) = nq
0
and (b) the side diretion p(n) = (q0,1, nq0,2) for
a QB with q
0
= (3, 3), β = 0.5, Etot = 1.5, N = 16, 32, 48 and
the analytial estimate (4) (dashed lines).
First, we turn to the ase d = 2. We obtain various
symmetri (with (q0)1 = (q0)2, Fig.1,2) and asymmetri
(with (q0)1 6= (q0)2) QBs in the lower frequeny range,
whih are exponentially loalized in q-spae. Note, that
due to the parity symmetry of the model (Eq.(1) is invari-
ant under xn → −xn for all n) only the modes with odd
omponents (q1, q2) are exited by the q0 = (3, 3) mode.
In ontrast to d = 1, the deay of the energy distribution
(espeially along the diagonal q(n) = (2n−1)q0) remains
almost onstant with inrease of the lattie size (Fig.2).
The abovementioned degeneray of the frequeny spe-
trum supports the existene of multi-mode QBs, namely
those, whih have two (or more) exited seed modes.
Indeed, we ontinued multi-mode periodi solutions of
the linear lattie Eq 6= 0 for q ∈ S(q0) = {q : Ωq =
Ωq
0
} into the nonlinear regime. For example, the set
q0 = (2, 3), q
∗
0 = (3, 2) allows for two (asymmetri single-
mode) QB solutions with the energy mainly onentrated
3in one of the two seed modes and two symmetri multi-
mode QB solutions with the same energy in eah of the
seed modes, and osillations being in- or out-of-phase.
By an asymptoti expansion of the solution to (3) in
powers of the small parameter σ = β/(N+1)2 (in analogy
to [13℄) we estimate the shape of a QB solution Qˆq(t) with
a low-frequeny seed mode number q0. The energies of
the modes on the diagonal of the QB q0, 3q0,. . . ,(2n +
1)q0,. . .≪ (N,N) read
E(2n+1)q
0
= λ2nd Eq0 , λd =
3βEq
0
N2−d
22+dpi2|q0|
2
. (4)
Dashed lines in Fig.2(a) are obtained using (4) and show
very good agreement with the numerial results. The en-
ergy distribution between other modes, involved in the
QB is more ompliated, but the deay along the diag-
onal (4) gives a good estimate for it (Fig.2(b)). Note,
that the loalization along the diagonal is the weakest,
at least for large N . The shape of the QB in the q-spae
then possesses the following properties: (i) the loaliza-
tion remains onstant when the lattie size tends to inn-
ity with all other parameters xed, in ontrast to the 1d
ase where QBs deloalize as λ ∝ (N+1), (ii) in the limit
of onstant energy density ε = Eq
0
/(N + 1)2 and wave
vetor of the QB κ0 = q0/(N + 1) the loalization re-
mains onstant for N →∞ (similar to the 1d ase), (iii)
for smaller β,Eq
0
and larger q0 QBs ompatify. These
results are a onsequene of a more fundamental saling
property of nite to innite systems.
We analyze the stability of the obtained periodi or-
bits with standard methods of linearizing the phase spae
ow around the solutions and omputing the eigenvalues
and eigenvetors of the orresponding sympleti Floquet
matrix [13℄. The orbits are stable if all omplex eigen-
values lie on the unit irle. The absolute values of the
Floquet eigenvalues of QBs for symmetri q0 = (3, 3) and
asymmetri q0 = (2, 3) are plotted versus β for dierent
system sizes N in Fig.3. Similar to the 1d ase, QBs
are stable for suiently weak nonlinearities. When β
exeeds a ertain threshold β∗, some eigenvalues get ab-
solute values larger than unity (and some of them less
than unity) and the QB beomes unstable. In remark-
able ontrast to the 1d ase, β∗ rapidly inreases with the
size of the system Fig.3(a). For a series of omputation-
ally aessible large latties N = 20, 30, 40 (not plotted
in Fig.3(a)) we found the QB with q0 = (3, 3) to be
stable at least up to β = 10.0. For insuiently large
N the dependene β∗(N) may beome non-monotonous
(Fig.3(b)). It may be quite sensitive to the hosen seed
wave number q0, ompare Figs.3(a) and (b).
The observed instabilities an be traed analytially,
similar to the 1d ase. Using standard seular per-
turbation tehniques we approximate the frequeny of
the QB solution as Ωˆ = Ωq
0
(1 + 9hρ) + O(h2), where
h = 3βEq
0
/(N + 1)2 is a small parameter and ρ =
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FIG. 3: Absolute values of Floquet eigenvalues (symbols) and
analytial urves (solid lines) for QBs with Etot = 1.5 and (a)
q
0
= (3, 3), N = 13, 14, 16 (the instabilities orrespond to
k = (1, 2) and k = (2, 1)) and (b) q
0
= (2, 3), N = 20, 25, 30
(the instabilities orrespond to k = (1, 1) for N = 20, 25 and
k = (1, 2) for N = 30).
(w2(q0)1 + w
2
(q0)2
)/Ω4
q
0
. Linearizing the equations of mo-
tion (3) around a QB solution Qq = Qˆq(t)+ξq we obtain
ξ¨q+Ω
2
q
ξq = −4h(1+cos2Ωˆt)
∑
p
Cq,q
0
,q
0
,p/Ω
2
q
0
ξp+O(h
2)
(5)
The strongest instability, aused by primary parametri
resonane in (5), omes from pairs of resonant modes q+
p = 2q0 with a nonzero vetor k = q−q0 = q0−p. The
bifuration point and the absolute values of the Floquet
multipliers involved in the resonane in its viinity are
represented by a omplex expression, whih demonstrates
good agreement with the numerial results (Fig.3). We
assume |k1,2| << (q0)1,2 << N and approximate
3β∗Eq
0
/(N + 1)2 = 8(Ωq +Ωp − 2Ωq
0
)/Ωq
0
≈ 8
(
(q0)2k1 − (q0)1k2
q20
)2
(6)
This estimate explains the following basi features of the
observed instability. The instability of the type k that
minimizes |(q0)2k1 − (q0)1k2| is the rst to our. It re-
sults in a non-monotonous and disontinuous dependene
of β∗(q0, N) for small latties. It monotonously inreases
with N while k is onstant (Fig.3(a)); when k hanges
β∗ hanges as well (Fig.3(b)). Besides, the instability
threshold sales as β∗ ∝ q−20 and as β
∗ ∝ N2.
The 2d lattie supports also the existene of QBs with
q0 loated in the intermediate and high-frequeny parts
of the normal mode spetrum.
Let us turn to the ase d = 3. We again ompute QB
solutions as in the 2d ase. A similar analysis shows,
that for the low-frequeny seed mode q0 the deay of
4FIG. 4: The struture of the QB with q
0
= (2, 2, 2) on the
three-dimensional lattie N = 11, β = 0.5, Etot = 1.5, Ωˆ ≈
0.897. The size of spheres is a linear funtion of the deimal
logarithm of the linear mode energy Eq .
the normal mode energies along the leading diretion
3q0,. . . ,(2n + 1)q0,. . .≪ (N,N,N) is given by (4) with
d = 3, and ts well the shape of the numerially om-
puted QBs with q0 = (3, 3, 3) (Fig.5). In ontrast to
the 2d ase, the loalization length even dereases with
inreasing lattie size λ3d ∝ (N + 1)
−1
. For onstant
energy density ε = E/(N + 1)3 and wave vetor of the
QB κ0, the degree of loalization is independent of the
lattie size, as it is for the 1d and 2d ases. Despite hav-
ing diulties when alulating the stability of QBs in
suiently large 3d latties due to limited mahine per-
formane, the analytial treatment has been done similar
to lower lattie dimensions. We nd that β∗ ∝ (N + 1)3
for onstant energy of the lattie and does not inrease
for xed ε and q0. We also predit its sensitive depen-
dene upon the hoie of the seed mode number of the
QB and the size of the lattie when being small.
The main reason for the ruial improvement of loal-
ization and stability of QBs in higher dimensions relies
on the fat that the eetive strength of nonlinear inter-
mode oupling dereases exponentially due to the fator
(N + 1)−d.
In onlusion, we report on the existene and remark-
able properties of q-breathers as exat time-periodi so-
lutions in nonlinear two- and three-dimensional aousti
systems, thus extending the onept of one-dimensional
QBs to more physially relevant objets. They are expo-
nentially loalized in the q-spae of the normal modes and
preserve stability for small enough nonlinearity. In the
limit of innite lattie size the loalization length stays
onstant for d = 2 and tends to zero for d = 3 when
xing q0 and the total energy. At the same time the
loalization length does not depend on the lattie size
N when xing the energy density and the wave vetor
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FIG. 5: The normal mode energies along the leading diretion
q(n) = (n, n, n) for q
0
= (3, 3, 3), Etot = 1.5, N = 20 and the
analytial estimate (4) (dashed lines).
κ0 = q0/(N + 1). In ontrast to the one-dimensional
ase the observed instability threshold in the nonlinear
oupling strength inreases with inreasing lattie size,
and stays onstant if the energy density is xed.
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